Abstract. An oriented compact closed manifold is called inflexible if the set of mapping degrees ranging over all continuous self-maps is finite. Inflexible manifolds have become of importance in the theory of functorial semi-norms on homology. Although inflexibility should be a generic property in large dimensions, not many simply-connected examples are known. We show that from a certain dimension on there are infinitely many inflexible manifolds in each dimension. Besides, we prove flexibility for large classes of manifolds and, in particular, as a spin-off, for homogeneous spaces. This is an outcome of a lifting result which also permits to generalise a conjecture of Copeland-Shar to the "real world".
Introduction
The mapping degree of a continuous map is a fundamental invariant in manifold topology. For a continuous map f : M → N between oriented connected compact closed n-manifolds M and N with fundamental classes/orientation classes [M ] and [N ] it is defined by deg f = d with d ∈ Z being uniquely determined by
Here H n (f ) : H n (M, Z) → H n (N, Z) denotes the induced map in singular homology. As it becomes obvious in the case of M = N = S 1 for example, the mapping degree expresses in some sense how often the first manifold "winds around" its target by means of f .
In this article we are concerned with the question of how generic special mapping degrees are in large dimensions. (In small dimensions no such genericity can be expected, of course.)
Fix an oriented compact closed manifold M . We shall focus on two aspects of being "special", which meet large interest. We shall consider manifolds M for which either
• the set {deg f | f : M → M } is finite or for which • there is no map f : M → M with deg f < 0.
By composition of self-maps it is obvious that the first case is equivalent to demanding that
In [4] these manifolds were named inflexible manifolds. In that article these manifolds were used to construct examples of certain functorial semi-norms on singular homology-cf. remark 1.6 . The examples of inflexible manifolds used there are adaptations of examples given in the article [1] . Here the set of all homotopy classes [M, N ] of homomorphisms between minimal differential graded algebras M and N is studied extensively via a newly developed obstruction theory and, in particular, examples of minimal algebras which only admit trivial endomorphisms are constructed. In the recently appeared article [3] -presumably and reportedly still under revision-theorem [3] .1.5., p. 2, yields that every finite connected graph with trivial automorphism group leads to an elliptic space of even dimension without non-trivial selfhomotopy equivalences. Examples of such graphs-like the following onehowever, are well-known and easy to find:
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• As for the second case we remark that a map f with deg f < 0 clearly reverses the orientation of the manifold. The question of orientation reversal is rather prominent in topology. Different notions of this concept varying the categories in question and the definition of orientation reversal itself can be found. The question whether certain orientation-reversing maps on manifolds exist or not is rather classical and difficult-cf. [11] for example. We shall exclusively work with continuous maps and whenever we speak of orientation reversal we shall mean orientation reversal in the weakest sense possible, i.e. the existence of a self-map of arbitrary negative mapping degree.
It seems to be the case that the question of inflexibility as well as the problem of lack of orientation reversal becomes much harder when focussing on the simply-connected case, since the fundamental group and its endomorphisms do pose certain obstructions-cf. [4] , [9] . In [9] manifolds which do not possess a self-map of mapping degree −1 were called strongly chiral. In this article strongly chiral manifolds in every dimension starting in dimension three, respectively in dimension seven for the simply-connected case were constructed. The constructions rely on torsion obstructions and extensively use Cartesian products in order to find higher dimensional examples.
Although the simply-connected case makes life much harder it does provide one advantage: Rational methods apply, i.e. Rational Homotopy Theory enters the stage and does provide an efficient tool to study the mapping degree. We want to point out that one advantage of the rational approach is that it will enable us to consider arbitrary negative mapping degree, not only degree −1.
We consider the morphisms of commutative differential graded algebras induced by f on smooth respectively polynomial differential forms:
Choosing representatives of the duals of fundamental classes [M ] and [N ] we may define the mapping degrees of A PL (f ) and A DR (f ) via their induced maps in (co)homology H(A PL (f )) and H(A DR (f )) as above. By a DeRham theorem this mapping degree coincides with the one defined above.
Thus we shall exclusively deal with simply-connected spaces and we shall draw on the rational approach. In analogy to the definition above it is hence possible to speak of inflexible commutative differential graded algebras or of orientation reversal whenever the algebras satisfy Poincaré Duality. We shall follow the textbook [6] in notation and we recommend it as a reference for the rational methods applied.
Coming back to our two main problems, we remark that in both cases several examples of manifolds satisfying the respective conditions are knowncf. [4] , [9] . However, still many open questions remain. For example, in the case of inflexible manifolds no examples of dimensions not divisible by 4 were known; large gaps between the dimensions of the known examples exist. In both cases, examples in varying dimensions are constructed mainly using Cartesian products and partly connected sums. Moreover, as for strongly chiral manifolds torsion invariants play a crucial role. Our rational approach thus even permits to widen the notion of non-existence of orientation reversal as indicated.
We call a simply-connected manifold irreducible if it does not split as a non-trivial Cartesian product of connected compact closed manifolds. We call it prime if it does not split non-trivially as a connected sum. The following theorem closes existing gaps.
Theorem A. In each dimension 231 + 4i (for i ≥ 0) there is an inflexible irreducible prime simply-connected smooth compact closed manifold M i .
In each dimension greater than or equal to 921 there are infinitely many simply-connected inflexible compact closed smooth manifolds.
Proof. The first assertion follows from a combination of lemma 1.1, theorem 1.2, lemma 3.5 and remark 3.6. The second assertion is corollary 2.6.
Indeed, inflexibility is expected to hold in the generic case. This is why it is certainly desirable to identify large classes of flexible spaces. Using obstruction theory we shall provide an approach to this which allows to relate the existence of a map on a rationalisation of a manifold in question to the existence of suitable self-maps on the actual manifold itself. As a corollary of a far more general theorem (which also generalises the flexibility in the formal case) we obtain Theorem B. Simply-connected biquotients are flexible. Besides, so are oriented homogeneous spaces with connected denominator group.
Proof. This is the content of corollary 2.6.
A conjecture of Copeland-Shar claims that there are either infinitely many homotopy classes of maps between certain rational spaces M , N or the set [M, N ] is trivial. This conjecture was shown to hold true on large classes of spaces, but to be false in larger generality-cf. [1] . As another outcome of our approach, we provide a generalisation of this conjecture to not necessarily rational spaces M , N of the rational homotopy of the same large class of spaces.
As for the lack of orientation reversal we are not only able to exclude the possibility of self-maps of arbitrary negative degree, but the examples we provide also neither split non-trivially as products nor as connected sums.
Theorem C. In every dimension dim M ≥ 70 there is an irreducible prime simply-connected smooth compact closed manifold which does not possess any self-map of negative mapping degree.
As a general convention cohomology will be taken with rational coefficients unless stated differently.
Structure of the article. In section 1 we provide a sequence of infinitely many inflexible manifolds. Indeed, these manifolds will cover all dimensions congruent to 3 modulo 4 from dimension 231 on. They constitute the first examples of such manifolds in odd dimensions. We shall make use of these examples to prove the main ingredients to theorem A.
In section 2 we provide a theorem which grants flexibility of a manifold under mild assumptions on a map on its rationalisation. This will allow us to prove that whenever the differential of the minimal model of a space is well-behaved with respect to a lower grading, the space will be flexible. This proves flexibility for simply-connected two-stage spaces and theorem B, in particular. Moreover, we deal with the conjecture by Copeland-Shar.
In section 3 irreducible examples of manifolds without orientation reversal are constructed. This leads to the proof of theorem C.
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Irreducible inflexible manifolds in infinitely many odd dimensions
We define the sequence of commutative differential graded algebras
where V i is the graded rational vector space generated by the elements
The differential d is defined by
is an elliptic minimal Sullivan algebra and
• A volume form is given by the class of x 26 2 z ′ − x Proof. It is obvious that d 2 = 0 on A i , since Also minimality is clear. Let us now see that the algebra is elliptic. As it is finitely generated it suffices to see that it has finite dimensional homology. For this we prove that every cohomology class is nilpotent. It suffices to see that a certain power of [ As the algebra is elliptic we may compute its formal dimension by the formula (cf. [6] .32, p. 434) Stepping back to the expression for da we use that there is no summand with a factor z in our designated volume form. More precisely, we compare coefficients in y 2 y 3 z, which yields the equation
This is a clear contradiction, as such a p 11 ∈ Q[x 1 , x 2 ] cannot exist.
Finally, we apply theorem [13] .13.2, p. 321, which allows us to realise the algebras (A i , d) in the desired way: Since the (A i , d) are simply-connected and elliptic, their cohomology algebras satisfy Poincaré duality-cf. [5] , theorem A, p. 70. Thus it suffices to observe that dim(A i , d) ≡ 0 mod 4 in order to realise the algebras. The manifolds are irreducible, since the minimal models do not split non-trivially as products. Proof. We prove that the algebras (A i , d) are inflexible, which requires the manifolds M i to be so either. This is due to the fact that every continuous map between simply-connected topological spaces has a Sullivan representative-cf. [6] .12.9, p. 153.
Suppose there is a morphism of differential graded algebras
By degree we obtain that
, we obtain k 6 = 0, since f commutes with differentials. Due to the same reasoning the terms
coincide. Thus we obtain that k 3 = k 4 1 k 2 2 . In the same vein we compute
A comparison of coefficients yields Let us discuss these two cases separately. Suppose first that k 2 = 0. We compute x 24 2 y 1 is a volume form. Thus the mapping degree of f is 0, i.e. the manifold M i is inflexible.
We shall do similar in the case k 1 = ±1 ∧ k 2 = 1. For this we need to investigate the image of z ′ under f . We compute that
where T := p 4 y 1 + p 5 y 2 + p 6 y 3 + p 7 y 1 y 2 y 3 + p 8 z + p 9 y 1 y 2 z + p 10 y 1 y 3 z + p 11 y 2 y 3 z and dT is a sum of monomials which each have either x 2 , y i or z as a factor.
A comparison of coefficients thus shows that k 8 = (±1) 19+i and that dT vanishes. Thus we have that f (z ′ ) = (±1) 19+i z ′ + T with dT = 0. Thus T defines a cohomology class. Let us now use this information on the volume form [x 26
for the induced map in cohomology, since [x 26 2 ] = 0-cf. the proof of lemma 1.1. Thus the mapping degree of f is (±1) i+1 and M i is inflexible.
Proof. We prove the corresponding statement on minimal models, i.e. the inflexibility of
where d denotes the product differential. Thus a volume form of the product is the product of the volume forms from lemma 1.1.
Consider an endomorphism f of this algebra. Let us first see that x 1,lthe element x 1 in component l-and x 2,l have to map to a multiple of x 1,l ′ respectively x 2,l ′ . By degree, we have
Since f commutes with the differential, we obtain that
That is, we have
and, conversely,
The morphism f cannot map x 2,l to zero unless its mapping degree is zero. Thus there is a k 2,j ′ = 0.
We shall also see that f (x 1,l ) = 0 implies that deg f = 0. Indeed, in this case we obtain f (dz ′ l ) = 0 and thus f (z ′ l ) has to be a closed form; i.e. a cohomology class. We shall now show that the cohomology class of the volume form of the product vanishes under H(f ), since the class of the factor belonging to the l-th component vanishes. For this we compute
is exact. Thus we may assume that there is a k 1,j ′′ = 0. With the implications (3) and (4) from above we directly see that j ′ = j ′′ and that all the other k 1,j respectively all the other k 2,j vanish. That is
In view of the relations (1) and (2) this implies that
Thus for the volume form of the l-th factor we compute
2,j ′ y 1,j ′ Thus on cohomology we may compute the image of the class of the volume form of
since [x 2,π(l) ] 26 = 0. Here π : {1, . . . , k} → {1, . . . , k} denotes an arbitrary map. However, unless deg f = 0 it is now a direct observation that π has to be a permutation. Denote by |π| the order of π.
We project the morphism f to a morphism on the l-th factor:
Hence the same is true for f |π| l . Moreover, we have proved that H(f |π| ) = (H(f )) |π| maps the cohomology class of the chosen volume form of A d l to a multiple of itself. Thus
unless the mapping degrees of both f and f l vanish.
Thus we compute
Consequently, we obtain that
Corollary 1.4. In each dimension greater than or equal to 921 there are infinitely many simply-connected inflexible smooth compact closed manifolds.
Proof. Consider the manifolds In order to get infinitely many examples we apply theorem [4] .9.1 to these manifolds. We obtain that
are inflexible. (For this it is easily checked that the rational homotopy group below top dimension vanishes in each respective case; indeed, this holds true, since it holds true on each M i already.) Remark 1.5. From the proof of theorem 1.2 we observe that the manifolds we constructed there do not even possess an orientation reversing self-map if i is odd, i.e. in dimensions 235 + 8i ′ for i ′ ∈ N 0 . The same is true for direct products of the manifolds M i ′ of pairwise different dimensions, as can be derived from the proof of theorem 1.3. (Indeed, in this case the permutation π has to be the identity, i.e |π| = 1, as we obtain that f (z ′ j ) ∈ z ′ j ⊕ ker d for degree reasons.) We refer to section 3 for further examples of this. Remark 1.6. As has been done in theorem [4] .1.2, p. 2, one may use the existence of inflexible manifolds M to derive properties of functorial seminorms on singular homology. In the theorem the existence of functorial seminorms on singular homology which assume only positive, finite values on certain simply-connected manifolds of dimension divisible by 4 is provedcf. corollary [4] .7.3.
For this the domination semi-norm (cf. definition [4] .7.1, p. 21) associated with a manifold is defined. By proposition [4] .7.2, p. 21, and the proof of corollary [4] .7.3, p.21, there is a positive, finite functorial semi-norm on singular homology of degree dim M associated to the domination semi-normcf. theorem [4] .4.2, p. 8-which takes the value 1 on the fundamental class of M .
The fact that it only assumes the value 1 is now easily seen to be indebted to M being inflexible. Indeed, the methods in [4] generalise to our examples of inflexible manifolds thereby proving the existence of functorial semi-norms on singular cohomology which assume only finite, positive values on certain simply-connected manifolds the dimension of which may also be odd or congruent to 2 modulo 4.
We end this section by providing a method and another concrete example of how to construct further irreducible manifolds in even dimensions not necessarily divisible by four. Example 1.7. Using the inflexible examples from [4] .8, p. 23, it is rather easy to construct further even-dimensional simply-connected inflexible manifolds. Indeed, one may even produce examples the dimensions of which are congruent to two modulo four. Let us give one explicit example of this form-indeed, this will be the most complicated example.
We consider the algebra from example [4] .8.4, p. 24, which is given by V = x 1 , x 2 , y 1 , y 2 , y 3 , z with deg x 1 = 2, deg x 2 = 4, deg y 1 = 9, deg y 2 = 11, deg y 3 = 13, deg z = 35 and with
Let us form a rational fibration with ( V, d) as a basis and fibre (a rational)
It is then obvious that a minimal model for the total space is given by V ′ = x 1 ,x 2 , y 1 , y 2 , y 3 , z with deg x 1 = 2, degx 2 = 2, deg y 1 = 9, deg y 2 = 11, deg y 3 = 13, deg z = 35 and with The Sullivan algebra ( V ′ , d) consequently is elliptic of dimension 66 ≡ 2 mod 4. As x 16 2 represents a volume form of ( V, d)-cf. proposition [4] .8.6, p. 25, a volume form of ( V ′ , d) is represented byx 33 2 . As dim( V ′ , d) ≡ 2 mod 4, this algebra can be realised by a simply-connected smooth compact closed manifold M 66 . Let us now see that it is inflexible.
In analogy to the arguments given in theorem 1.2 we proceed as follows: It is easy to see that an arbitrary endomorphism f :
with rational k i and closed forms T 1 , T 2 ∈ V ′ . The differential of z then yields the relations
This amounts to the contradiction k 14 13 2 = 1 unless k 2 ∈ {0, 1, −1}. Thus we compute the image of the volume form as
Consequently, the manifold M is inflexible. One may proceed similarly on the other examples from [4] .8, p. 23, again using rational fibrations with fibres given by x, x ′ ,d with deg x even, dx = 0,dx ′ =x l . The differential d in the model of the fibration then is such thatdx ′ =x l − x (where x ∈ {x 1 , x 2 } is chosen according to whether a power of x 1 or of x 2 represents a volume form). This produces a lot of examples in even dimensions.
From rational to real
As it is likely that in the generic case a manifold is inflexible, it is certainly desirable to give sufficient criteria for flexibility. For this we shall first prove a result which helps us relate the flexibility of a space to the one of its rationalisation-thus generalising results in [12] . Then we prove flexibility for several large classes of manifolds amongst which prominent candidates like (oriented) homogeneous spaces can be found.
Let us first recall some simple and well-known properties from homological algebra. (By Z p we denote the cyclic group of order p.) Lemma 2.1. It holds: Ext Z (A, Q/Z) = 0 for all abelian groups A and
Proof. The first assertion is just the injectivity of Q/Z as a Z-module. The second assertion follows from the short exact sequence
and its associated sequence
However, multiplication with p is surjective on Hom(Q, Q/Z) and the result follows.
Let K be a simply-connected finite CW-complex the rational cohomology of which satisfies Poincaré Duality together with a rationalisation K (0) -which always exists and again is simply-connected. That is, the space K (0) is a rational space, i.e. π * (K (0) ) is a Q-vector space, and there is a map ϕ : K → K (0) which induces an isomorphism
a k-th multiple of f (for k ∈ N) if there is a (finite) homogeneous basis {x i } of H >0 (K (0) ) as a Q-vector space such that the induced map in cohomology satisfies
for l x i ∈ N. If deg f = 0, the existence of a k-th multiple of f for every k ≥ k 0 > 0 evidently shows that K (0) is flexible, in particular. However, in this case even more can be said.
Proof. The rational space K (0) is obviously flexible. It remains to see that there exists a k 0 ≥ 0 such that the k-th multiple kf of f is covered by a map kf :
is the rationalisation of K we obtain a diagram
with a rational equivalence h-cf. [6] .17.15, p. 256. Hence we aim to construct the lifting kf of kf • h.
By F we denote the homotopy fibre of the map h : K → K (0) . Due to obstruction theory there is a sequence of obstructions c n+1 kf •h ∈ H n+1 (K, π n (F )) with the following properties: The obstruction c n+1 kf •h is defined-depending on a chosen lift-if c n kf •h vanishes; and all the obstructions vanish if and only if a lift kf exists-cf. theorem [2] .VII.13.11, p. 507.
Let us briefly recall how the obstructions c n kf •h are constructed: Consider the Postnikov tower
and identifies K with lim ← − K n up to weak equivalence-cf. theorem [2] .VII.13.7, p. 504, and corollary [2] .VII.13.10, p. 506. By theorem [2] .VII.13.8, p. 505, we have that π n = π n (F ).
We shall now successively lift the map kf • h : K → K 0 over the subsequent stages in the Postnikov tower. Since every stage is a principal fibration with fibre an Eilenberg-MacLane space K(π n , n), it is classified by a map
From [2] , p. 499, respectively from theorem [2] .VII. 13 
In the following we shall show that we may choose k large enough to guarantee that all the obstructions c n kf •h vanish successively. The induced morphism
is an isomorphism-cf. theorem [6] .17.12, p. 254. Since the π n (K) are finitely-generated abelian groups, they split as
5 ⊕ . . . The rationalised long exact homotopy sequence of the fibration
shows that π * (F ) is only torsion, and so the long exact homotopy sequence yields that
5 ⊕ . . . As cohomology with coefficients a direct sum splits as the direct sum of the cohomology in the respective summands, we hence may simplify the situation. We thus basically may deal with the following two different cases: Either π n = Q/Z or π n = Z p , a finite cyclic group of prime order.
Let us discuss π n = Z p first. The obstruction c n+1 kf •h is the pullback of u along the following morphisms
using lemma 2.1 and the fact that both Hom and Ext commute with finite sums. Thus the universal coefficient theorem for cohomology (cf. theorem [2] .V.7.2, p. 282) lets us derive that
In particular the pullback of u vanishes.
Let us now assume that π n = Q/Z. In this case lemma 2.1 yields that
. . is torsion, as the integral cohomology of a finite CW-complex is a finitely generated abelian group. Thus for every cohomology class x ∈ H n+1 (K (0) , π n ) there exists a multiplek x · x withk x ∈ N such thatk x · x ∈ ker H n+1 (h).
By assumption the morphism f admits a k-th multiple for every k ≥ k 0 . Thus there is a homogeneous basis {x i } of H >0 (K (0) ) such that
for k ≥ k 0 . Applying the observation above to the images under f of the finitely many basis elements x n+1 i in degree n + 1 we derive that there are coefficientsk
) ∈ ker H n+1 (h) and k n+1 f (x) ∈ ker H n+1 (h) for all x ∈ H n+1 (K (0) , π n ). Clearly, the map k n+1 f exists and the pullback of u vanishes. Thus there is no obstruction to a lifting in this stage. Now we choose
This guarantees the existence of kf and, furthermore, it grants that every obstruction to a lifting of kf which successively occurs vanishes. Thus the map kf lifts to kf : K → K. So does every multiple of kf .
(As a final comment on flexibility, we observe that, in particular, for infinitely manyk ∈ N there is the multiplekf of f which lifts to k f : K → K.
Every such map k f has non-trivial mapping degree, as deg f = 0; due to Poincaré Duality the mapping degree is well-defined. Thus K is flexible.)
We give a slightly different view on what we proved, i.e. actually, a corollary to the proof of theorem 2.2. N (0) has a self-map g which admits a k-th multiple g k for each k ≥ k 0 > 0. Then there exists a continuous map
commute.
Proof. Suppose first that M (0) has a self-map g with multiples g k . Adapting the proof of theorem 2.2 we observe that this implies that there is a certain multiple g k such that the image H * (g k ) • H * (f 0 ) (u) of any obstruction class u occurring during the different lifting steps lies in the kernel of H * (h 1 ). Thus the obstructions to lifting
If N (0) has a self-map g with multiples g k , we lift the map
As before, we may choose k such that the map induced in cohomology H * (f 0 ) • H * (g k ) pulls back any obstruction class to an element in the kernel of H * (h 1 ).
Clearly, in each case again we draw on the fact that H * (M, π) is a finitelygenerated abelian group.
With theorem 2.2 at hand it is very easy to reprove a key result from [12] . Proof. We have the following commutative diagram for a formal space X with minimal model ( V, d):
with the morphism of graded algebras f defined by
and with a Sullivan representative ϕ f of f . The morphism f has a k-th multiple kf for every k ≥ 1 (with respect to an arbitrary homogeneous basis) given by In [4] .6.19, p. 20, it was shown that every rational homology class of a pure rational space is the sum of flexible homology classes-cf. definition [4] .6.3, p. 15. We strengthen this in the next theorem.
A Sullivan algebra ( V, d) (with V = Q) is called two-stage if it admits a decomposition V = P ⊕ Q with dQ = 0 and dP ⊆ Q. We call a simply-connected topological space two-stage if it admits a two-stage Sullivan model. A simply-connected topological space with finite-dimensional rational cohomology admitting a two-stage (minimal) model is necessarily rationally elliptic. Consequently, its rational cohomology satisfies Poincaré Duality and there is an orientation class, in particular. So it is legitimate to speak about flexibility in this case.
Theorem 2.5. Let X be a simply-connected two-stage space with finitedimensional rational cohomology. Then X is flexible.
Proof. As above we consider the two-stage decomposition of its minimal model ( V, d) given by V = P ⊕ Q with dQ = 0 and dP ⊆ Q. Let {q 1 , . . . , q n } be a basis of Q and {p 1 , . . . , p m } a basis of P . We now define an automorphism f of graded algebras on V by
As shown in proposition [4] .6.19, p. 20, this automorphism is compatible with the differential. Let us now see that this morphism f admits a k-th multiple for every k ≥ 1.
Since ( V, d) is two-stage, we may decompose it in the form
This yields a decomposition
in cohomology where an element in
(Since the differential preserves the lower grading, i.e. for v = v l with v l ∈ Q⊗ l P we have dv = dv l with dv l ∈ Q⊗ l−1 P , the lower grading of an element a cohomology class is represented by is unique up to exact classes.) Thus we may choose a basis {[(x m l ) i ]} of H >0 (X) which is homogeneous in both degrees, i.e. 2 . The orbit space of this action is called the biquotient G H of G by H. If the action of H on G is free, then G H possesses a manifold structure. This is the only case we shall consider. Clearly, the category of biquotients contains the one of homogeneous spaces. It was shown in [8] .1, p. 2, that biquotients admit pure models. Trivially, a pure model is two-stage, in particular. From proposition [10] .1.17, p. 84, we cite that homogeneous spaces G/H of a compact connected Lie group G with a connected closed Lie subgroup H are simple. That is, they have abelian fundamental group acting trivially on higher homotopy groups, and Rational Homotopy Theory and obstruction theory work as well in this setting as in the simply-connected one. So we have proved Corollary 2.6. Every simply-connected biquotient is flexible. Besides, so is every (oriented) homogeneous space G/H with H connected.
We remark that there are several simply-connected non-formal homogeneous spaces like Sp(n)/SU(n) for n ≥ 5.
On a minimal Sullivan algebra ( V, d) we may consider a lower grading iteratively defined: As a first step we set V 0 := ker d| V . Suppose that the grading is defined on V until degree i, i.e. we have well-defined vector subspaces V 1 , . . . , V i of V with the property that
) ≤i } and extend this grading additively under the multiplicative structure of the algebra to the whole of ( (V 0 ⊕· · ·⊕V i+1 ), d).
Then proceed inductively to finally obtain V = ⊕ j≥0 V j .
Proposition 2.7. Let M be a simply-connected compact closed manifold with minimal model ( V, d). Suppose that ( V, d) admits a lower grading as above such that for all i ∈ N 0 and for all v i ∈ V i it holds that
Then M is flexible.
Proof. We define a morphism of commutative graded algebras f :
The multiplicative extension of the grading implies that for v ∈ ( V ) j i we then have
This morphism is obviously compatible with the differential. Indeed, for an arbitrary element in ( V, d) given by
The double grading on ( V, d) induces a double grading on cohomology, i.e. we have a decomposition
where
is the subgroup of H j ( V, d) represented by closed elements in ( V ) i . We remark that this is well-defined, since the differential decreases the lower degree by exactly one by assumption. Now choose a basis of H( V, d) subordinate to the bigrading on cohomology. The same arguments as for f above show that the morphism f obviously has a k-th multiple kf for k ≥ 1 well-defined by
with respect to such a basis. Due to the bigrading on cohomology the mapping degree of f is non-zero and M is flexible by theorem 2.2.
Remark 2.8. The bigraded model of a formal space (cf. theorem [7] .2.93, p. 95) has the properties required in proposition 2.7. Consequently, this reproves that simply-connected formal spaces are flexible. However, a space with such a special grading needs not be formal as we shall see in example 2.10.
Besides, the we see that the grading we used on two-stage spaces in theorem 2.5 has all the properties of proposition 2.7, Thus this proposition also comprises the result for two-stage spaces. However, for the convenience of the reader we provided the respective special proofs.
Compare our lower grading to the setting of universal spaces-cf.
[1] and lemma [1] .4.5, p. 534-in which everything works equally well. Corollary 2.9. Let M be a simply-connected compact closed manifold with minimal Sullivan model ( V, d). Suppose that there is a basis {v i } of V such that for each i the differential dv i of a basis element is a monomial in some other basis elements v j . Then M is flexible.
Proof. By a change of basis of V , which does not affect the fact that differentials are monomials, we may assume that the given basis is subordinate to ker d| V , i.e. there are basis elements v j which span ker d| V .
We define a lower grading on ( V, d) as above-however, we make sure that the basis given in the assertion is subordinate to the grading. Thus the complements are not chosen arbitrarily: So we choose for V 0 the space spanned by all the v i with dv i = 0. We set V 1 to be the complement of V 0 in V spanned by all the v i which do not span V 0 and which map to V 0 . Iteratively, we have V i+1 be spanned by the v i which do not form an element of any V j with j ≤ i and which map to ( (V, d)) ≤i .
It is clear that the basis elements by which we span the (i + 1)-th degree
there is no non-trivial linear combination of them which has lower degree. This is due to the fact that the dv i are monomials in the basis and that we displayed ker d| V with maximal dimension in the basis elements. By the same arguments we see that actually
not only for all basis elements v i ∈ V i but for all elements v i ∈ V i . By proposition 2.7 the result follows.
Example 2.10. The examples we used to prove theorem A were threestage spaces, i.e. their minimal model ( V, d) could be decomposed as V = V 1 ⊕ V 2 ⊕ V 3 with dV i ∈ V ≤i or, equivalently, their rational Postnikov tower has height 3. As we have proved in theorem 2.5 a two-stage space is flexible although not necessarily formal. So let us provide an easy example of a flexible three-stage simply-connected smooth compact closed manifold which is not formal. This will be an easy application of corollary 2.9. For this we define a minimal Sullivan algebra ( V, d) by
Define the differential by da = db = 0, dn = ab, dm = an. Since all the finitely many generators are of odd degree, this defines an elliptic algebra. Its dimension is 3+3+5+7 = 18. Consequently, it is realisable by a simply-connected smooth compact closed manifold M . The manifold M is obviously not formal, since the class bn is closed but not exact. The basis {a, b, n, m} has all the properties required in corollary 2.9; thus, the manifold M is flexible. In order to illustrate the used arguments again, we give a short and direct proof in the spirit of proposition 2.7: Choose the basis , for the precise definition of universality. We shall just mention that this class comprises formal spaces, Eilenberg-MacLane spaces, Moore spaces, H-spaces and, in particular, homogeneous spaces besides many more. We shall no "lift" this conjecture to the "real world". [6] .12.6, p. 149. The realisations of two such representatives are homotopic if so are the representatives themselves-cf. proposition [6] .17. 13, p. 255.) . This proves that [M, N ] has infinitely many elements.
In the case when N is universal, we apply analogous arguments to the compositions (φ k ) i • f 0 • h 1 . Corollary 2.3 and the fact that the (φ k ) i • f 0 are pairwise not homotopic according to the proof of theorem [1] .4.6, p. 535, again yield the result.
Manifolds without orientation reversal
In [9] , theorem B, p. 2362, it was shown that from dimension 7 onwards in each dimension a simply-connected strongly chiral smooth manifold, i.e. a manifold which does not possess a self-map of degree −1, exists. In dimensions divisible by four the complex projective spaces yield very simple examples. In [9] , p. 2370, it is illustrated that in each dimension congruent to 3 modulo 4-starting in dimension 7-there is an S 2k−1 -bundle over S 2k the total space of which does not permit an orientation reversal. However, in the other cases the construction of simply-connected strongly chiral manifolds relies heavily on Cartesian products.
We shall generalise these results in two directions: As announced we shall consider arbitrary negative mapping degree and we shall search for irreducible simply-connected examples. We provide the following result which shows that from a certain dimension on irreducible examples can be found in infinitely many dimensions. Moreover, we remark that the following examples lack orientation reversal although they are not inflexible. This is due to the fact that their minimal models are pure algebras-cf. theorem 2.5. Let us first deal with the case of dim M ≡ 2 mod 4.
Proposition 3.1. In every dimension 4k + 54 ≥ 58 (k ∈ N) there is an irreducible simply-connected smooth compact closed manifold which does not admit any self-map of negative degree.
Proof. Define a minimal Sullivan algebra ( V, d) by
with deg x 1 = 2, deg x 2 = 4, deg n 1 = 11, deg n 2 = 11, deg n 3 = 4l 1 + 1, deg n 4 = 8l 2 + 3 and
with l 1 , l 2 ≥ 2. This algebra is finitely-generated. Since x 1 , x 2 define nilpotent cohomology classes, the algebra is obviously has finite-dimensional cohomology. Thus it is elliptic and satisfies Poincaré duality. Hence we may compute its dimension (cf. [6] .32, p. 434) as 11 + 11 + 4l 1 + 1 + 8l 2 + 3 − 1 − 3 = 4l 1 + 8l 2 + 22 ≥ 46 Thus dim( V, d) ≡ 2 mod 4. Consequently, this algebra may be realised as the minimal model of a simply-connected smooth compact closed manifold M . As the model does not split non-trivially as a product, neither does the manifold.
A volume form is given by
The class cannot be exact, as every class the differential of which contains x
2 n 1 n 2 as a summand has to contain either a summand with factors n 1 n 2 n 3 or one which has factors n 1 n 2 n 4 . In the first case differentiating yields a power too large in x 1 , in the second case a power too large in x 2 .
We shall now consider an arbitrary morphism f on this model. It is of the form
Since f commutes with the differential, it follows that
Indeed, the algebra ( V, d) is pure. Thus we may consider the lower grading which is respected by the differential. In particular, this shows that the differential dx of an element x ∈ V may only have a power in x 1 or in x 2 as a summand if v ∈ 1 V , i.e. every summand of v has at most one factor being an n i . However, pdn i = x l i (for l > 0) with p ∈ x 1 , x 2 implies that n i = n 3 respectively n i = n 4 . From here we obtain the above structure of f on n 3 and n 4 .
We shall now focus on the case when l 2 = 2 and l 1 ≥ 4. This implies that d = 0 by degree, as a little check directly shows. The formal dimension of the algebra then is dim(A, d) = 38 + 4l 1 ≥ 54 Besides, we may compute that
which yields k 4 = k 4 1 k 3 , k 5 = 0 and k 1 = 0∨k 2 = 0. If k 1 = 0 then the volume form v is mapped to zero by f and f does not reverse orientation. Thus we may assume that k 1 = 0 and k 2 = 0 and f (x 2 ) = k 3 x 2 . Analogously, it follows that
We infer that
which gives us k 9 = k 5 3 = k 10 1 .
Summing up these results, we either have
1 , k 9 = k 10 1 . The first case yields f (v) = 0 and in the second case we may compute the image of the volume form as
Since 2l 1 + 20 is even, the coefficient k
is non-negative. Thus f cannot reverse orientation. As f was chosen arbitrarily, its realisation as a manifold, M , does not admit orientation reversal. Now we construct examples in dimensions dim M ≡ 1 mod 4. with l ≥ 4. Again, this algebra is finitely-generated. Since x 1 , x 2 define nilpotent cohomology classes, the algebra is obviously has finite-dimensional cohomology. Thus it is elliptic and satisfies Poincaré duality. Its dimension computes as 13 + 11 + 4l + 1 + 19 + 17 − 1 − 3 = 4l + 57 ≥ 73
Thus dim( V, d) ≡ 1 mod 4. Consequently, also this algebra may be realised as the minimal model of a simply-connected smooth compact closed manifold M . As the model does not split non-trivially as a product, neither does the manifold.
Indeed, a direct computation again shows that v is a closed form. Once more, the class cannot be exact, as every class the differential of which contains x 2l 1 1 x 4 2 n 1 n 2 n 5 as a summand has to contain either a summand with factors n 1 n 2 n 3 n 5 or one which has factors n 1 n 2 n 4 n 5 . In the first case differentiating yields a power too large in x 1 , in the second case a power too large in x 2 .
As in the proof of proposition 3.1 we shall now consider an arbitrary morphism f on this model. However, using that it commutes with the differential shows that it is actually of the form
with c ∈ V . Indeed, as above we see that f (dn 1 ) = d(f (n 1 ) implies that f (n 1 ) = k 3 n 1 and f (x 2 ) = k 2 x 2 . Moreover, it is easy to check that there are no non-trivial closed combinations of degree 19 = max deg i =3 n i or smaller of the dn i (1 ≤ i ≤ 5, l ≥ 4) with coefficients in V -by degree actually in Q[x 1 , x 2 ]. This shows that each of the n i (i = 3) has to map to a scalar multiple of itself.
The fact that f commutes with the differential then gives us
(Again, the case k 2 = k 3 = k 4 = k 6 = k 7 = 0 cannot occur unless the mapping degree of f is 0.) Thus we may compute the image of the volume form as
Since 2l 1 + 30 is even, the coefficient k
is non-negative. Thus f cannot reverse orientation. As f was chosen arbitrarily, its realisation as a manifold, M , does not admit orientation reversal.
We remark that the minimal models of the manifolds we constructed are pure.
The next examples will satisfy dim M ≡ 3 mod 4. We shall merely sketch details whenever arguments are similar to what we did above. has dimension 4l + 27 ≡ 3 mod 4. For l ≥ 5 (and dimension greater than or equal to 47 its realisation will yield a manifold without orientation reversal. For this we compute a volume form as
Indeed, this form is closed and non-exact. For the latter we observe that by the lower grading every exact form of word-length one in the n i must lie in the Q[x 1 , x 2 ] span of the n 1 n 2 , n 1 n 3 , n 2 n 3 with d(n 1 n 2 ) = (x Combining (6) with (7) we obtain that k 2 = k 2 1 +3k 3 unless k 2 = 0. Equation (9) shows that k 3 = −k 2 1 ∨ k 3 = 0. Assume that k 3 = 0. If k 2 = k 2 1 + 3k 3 , we derive the implication k 3 = −k Altogether, we derive that k 3 = 0 unless the mapping degree of f vanishes. From equations (6) and (7) we see that k 3 = 0 implies k 2 = k 2 1 and k 4 = k 6 1 unless k 2 = 0, which again yields deg f = 0. An easy calculation using the fact that the differential commutes with f shows that k 6 = k 7 = k 8 = 0 and that k 5 = k 5 2 = k 10 1 unless deg f = 0. In this case we thus have
We then may compute the image of the volume form as Proof. Decompose a manifold M from the theorems as M = M ′ #N . The fundamental group of M is the free product of the fundamental groups of M ′ and N . Thus the simple-connectedness of M implies the one of both factors.
We shall now show that the structure of the minimal models of the examples shows that this decomposition has to be rationally trivial, i.e. N has the rational homotopy type of a sphere: We may assume that H(M, Q) has a non-trivial cohomology class-other than a multiple of the orientation class being understood. Now suppose that also H(N, Q) possesses a nontrivial class. A model of M #N is given by the direct sum of the minimal models of M and N with units and orientation classes identified-cf. [6] , p. 137-i.e. by
with d(u) = ω M − ω N (where ω M , ω N are orientation forms) and with d restricting to the differential of the respective minimal models on each summand.
The existence of a non-trivial rational cohomology class of N implies that either x 1 or x 2 lies in V N in each respective example: This is due to the fact that x 1 , x 2 ∈ V M ′ implies that n i ∈ V M ′ for all i in the case of propositions 3.1, 3.2 and 3.3; respectively that all the y i , z, z ′ ∈ V M ′ in the case of theorem 1.2. Moreover, it shows that ( V M , d) = ( V M ′ , d) respectively H(N, Q) = H S dim M in each case; a contradiction.
As H(M, Q) was assumed to be non-trivial, we obtain that, without restriction, [x 1 ] ∈ H(M, Q) and [x 2 ] ∈ H(N, Q). This forces [x 1 x 2 ] = 0, which is not the case; in neither example. Thus we obtain H(N, Q) = H(S dim M , Q).
This, however, implies that the collapse map M ′ #N → M ′ induces a quasi-isomorphism. Thus M ′ has the rational homotopy type of M . Remark 3.6. The rational homotopy type of the manifold (M ′ ) n in lemma 3.5 is the same as the one of M n . All our arguments in the proofs of theorem 1.2 and the propositions 3.1, 3.2 and 3.3, in lemma 1.1 and in remark 3.4 only use the rational homotopy information. So they apply as well to the manifolds (M ′ ) n . This implies, in particular, that properties like inflexibility or lack of orientation reversal are passed on from M to M ′ .
This enables us to give the
Proof of theorem C. In all congruence classes modulo 4 of dimensions starting with dimension 70 we have constructed irreducible simply-connected compact closed smooth manifolds M n without orientation reversal in propositions 3.1, 3.2 and 3.3 respectively in remark 3.4. We make use of lemma 3.5 to possibly decompose these examples into simply-connected manifolds
